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16 April 2024

Warm-up: Next slide.




Find £'(x), also written df/dx.

Differentiate the functions whose letters are the start of your first or last name.

A) x%L Sy 40n J) xcos(x) B e P e 2]
B) ——X K) S = Q) 5+1/5
C) cx? L) (x*+ D(x'? = 3) R) 3 sm(x) + 2 cos(x)
D) 8 sin(x) L) % S) —
=) 72COS(X) M) cos(x) +\/)_c T) COS(X) \/)_C
Z)) Z S;)S(x) N) x— 179 U) cos(x) - sin(x)
X
5
H) 1238 9) \/\/; X) 252 5,2
£
) \3/; ) TS B X ) )1600 ;



Find £ or d4/dx. Do this now.

Differentiate the functions whose letters are the start of your first or last name.

A) 2% =3 J) cos(x) — x sin(x) P) 4x° — 3x* +2x — 1

B) —1 K) —3x° Q) 0

C) 3cx? L) (x2+ 1)10x° + 2x(x'° = 3)R) 3 COS(X) — 2 sin(x)

= 12x1 + 10x° — 61 S

D) 8 cos(x) i o )

E) —7 sin(x) x3/2. e Ty 6 \;c_) & \/)_C

F) 2xcos(x) — x?sin(x) M) —Sln(x)+—x z i
-3 sl U) cos(x)” — sin(x)

e afles v) 330

H) O 1 -3/4 37

| Lt Y) —12x7 + 10x

B, 2 A
) 3 O) 14x — 3x~2 7) 100x%°
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The second derivative of a function is the derivative of its derivative.
We can write this as

> ]; ; because itis (f ’()1’, ord * SPQQMLM‘S: ,
» d7 l | f]l “4 cioublempr&ma”

—— because it is —| —

dx? dx| dx

To calculate a second derivative, just differentiate twice!
Example: for f(x) = 9x* we have f”(x) = 108x” because

Ox* ~ 36x° ~ 108x2



The third derivative of a function Is the derivative of its second derivative.
We can write this as

o " becauseitis (f")’, or SPQQMLMS’
o -8 d l e l “f Eriptempfime”

—— because it IS —
dx?

dx’ dx

To calculate a second derivative, just differentiate three times!
Example: for f(x) = 9x* we have ”(x) = 216x because

Ox* ~ 36x° ~= 108x%? ~ 216z
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We know f'(x) can tell us whether f(x) is increasing or decreasing.

What can f"(x) tell us? , I"f “f (&) is POSE&LOM thewn
£L(E) is velocity or speed,
£7'(6) is acceleration,

) is Jerl,

o Nexkt weele

What can f"'(x) tell us?
o Its nobt used often.
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Task: Find the second derivative of x? COS(X).



Note: Writing
x2 cos{x) = -x2 stn(x) + 2x cos(x)
s ncorrect, and you will lose points for (L.

Also, do not write £(x). It should be £/(x).



The tangent line to the curve y = f(x) at x = a is the line through the
point (a, f(a)) whose slope is the number f'(a).

e Using “slope-intercept form”, y = mx + b, we have m = f'(a) but will have
to do a bit of extra calculation to find b.

o Using “slope-point” format, y — y, = m - (x — X), is much easier. The
tangent line will always™ have the equation

y =fla) +f(a)x —a).

“unless the tangent line is vertical



Critical points

A number c¢ in the domain of f(x) is a critical point of f(x) if either /' (¢) = O
(horizontal tangent line) or /'(¢) doesn’t exist (vertical tangent line, or jump,
Or corner).

Increasing and decreasing

On an interval or at a single point:

o If f'> Othen f is increasing ().
o If f' < Othenf is decreasing ().

Minimum and maximum
o How do these relate to derivatives?



Finding Local extremes

This year we will not do tasks with absolute extremes from formulas.

But we will need to find local extremes for f(x) from its formula.

What can we say about f' at different points in these pictures?
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To find the local min/max of f(x),

1. Find the critical points of f.

2. Compute signs of f' somewhere in between each CP, and at one point
with x < all CP, and at one point with x > all CP.

3. The First Derivative Test

o If f"> 0Otothe left of x = c and f’ < O to the right of x = ¢, then f has
a local maximum at x = c.

o If f" < 0tothe left of x = c and f' > 0 to the right of x = ¢, then f has
a local minimum at x = c.

o If f" has the same sign on both sides of x = ¢, then f has neither a
local minimum nor local maximum at x = c.



Example 1: Given that the critical points of
g(x) =x* + Zx3 — 10x% + 12

are — 3 and |, classify each as a local minimum, local maximum, or neither.



Summary of rules:
o (¢))=0 o (x°) = cx¢! o (a") =277
o (SInx) = coSXx o (CosSx) = —sinx o (Inx) =777

o (¢f) =8 e (POl = fak | o G2 18

We do not need to use f and g as the names of the functions, and we do

not need to use x as the variable.
du

° Ify = 10x° +1thena—30x

° If u = tcos(f) then ‘;t — cos(?) — tsin(?).
° |f y = sin(v) then iv = cos(v).
i theni — 24U,

du



We have seen how to do derivatives of f(x) + g(x) and f(x) — g(x)
(69

and f(x) - g(x). We will look at s later.

There is one other important way to combine functions: the composition of
f(x) and g(x) is the function f(g(x)), which can also be written as f o g.

Examples of compositions: :
o sin(x2) o In(x3 + 8) > (5 + cos(x))

> Vx+1 e o 1p 7 4/ sin(x?)



Before learning the general formula for % [f(g(x))] , let’s look at a composition
that we can already differentiate with other methods:

%[(m3 + 1)2] .

We will answer this three different ways:

o By expanding (10x> + 1) = 100x° + 20x> + 1.

o By the PRODUCT RULE because (10x> + 1)? = (10x> + 1) - (10x> + 1).
o By the CHAIN RULE (new)!



d
Although d—i[ IS not really a fraction, the idea of canceling out parts of fractions

IS a nice way to remember one of the official Chain Rule formulas.

Chain Rule You do not need to know any
- df  dg of these formulas.
o dg Cdx
You only need to be able to
use the Chain Rule to find
derivatives of functions.

o —[Agtx)]=r(g(x)) - g'(x)
o f(gx)'=r1(gx)) - g'x)




Differentiate (sin(x))*. Chain Rule

flgx)'=f'(gx)) - g'(x)




For the example (sin(x))*, we call sin(x) the “inside function” and
we Ca” ()4 theOUtSIde fUﬂCtIOn T R e A i S

For any differentiable function g, we have g [(g(x))4] -2 él(g()c))3 - 2'(%).
X

Using the Product Rule or the Chain Rule, we can see that

d
—|(s®)*| = 28 g



Task 1: Find the derivative of (4x% — 8x + 9)°°.

Task 2: Find the derivative of sin(4x* — 8x + 9).



Task 3: Find the derivative of (3x — 7)cos(x).



Task 4: Find the derivative of x> e* + sin(x?).
o Use the SUM RULE first.

° Then use the PRODUCT RULE for — [x’¢"].

° And use the CHAIN RULE for — [81n(x2)]



Task 5: Differentiate cos(7x> + e'** sin(zx)).
o CHAIN RULE first.
o Then SUM. Then......



Task 6a: Find the derivative of (3x — 7)(2x + 1)°.
o Use the PRODUCT RULE first.

° Then use the CHAIN RULE for = [(2x + 1)7].



Task 6b: Differentiate (3x — 7)(2x + 1)
o Use the PRODUCT RULE first.

° Then use the CHAIN RULE for — [(2x + 1) ],

SLMPLEnfj the formula |
above as much as
Possibl& |




Task 6b: Differentiate (3x — 7)(2x + 1)
o Use the PRODUCT RULE first.

° Then use the CHAIN RULE for — [(2x + 1) ],

3x — 7
2x+ 1

This is one way to differentiate . There is also “the quotient rule”.



d / ks /

The Quotient Rule i i F] = 8 2f 2 can be helpful, but you can always use
X L8 g

Product and Chain instead, like we did for ;ﬁ;? =Bx=-72x+ 1)1

Example: Find the derivative of tan(x).
s1n(x)

@ You should know that tan(x) = .
COS(X)



Derivative formulas

f@ IRCH  _— YOU shoula

o o1 memorize these!
s1n(x) cOS(x) \/x

cos(x) —s1n(x)

tan(x) sec(x)?

er (later)

- Maybe these too.

In(x) (later)




Derivative formulas
Constant Multiple: (cf)' = cf’

/) /%) SumRule: (f+g)' =f"+ ¢’

X7 p xP] Product Rule:

(felemls +/8

sin(x) cos(x) Quotient Rule:
cos(x) —s1n(x) (i) P & —J8
g 92
oX (later) .
Chain Rule:

e ot (f®)' =f(g-g




